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CIRCLE ACTION, LOWER BOUND OF FIXED POINTS AND
CHARACTERISTIC NUMBERS
PING LI
Dedicated to Professor Richard Palais on the occasion of his 80th birthday
Abstract. Given an S1-manifold with isolated fixed points, some recent papers are con-
cerned with the relationship between the least number of fixed points and the characteristic
numbers of this manifold, and their proofs have some similar features. The main purpose
of this short survey article is, by using the language of equivariant cohomology, to present
a unified method to deal with such problems, of which the related known results are direct
corollaries.
1. Introduction
In transformation group theory, it is a classical and important topic to study various topo-
logical obstructions (such as the vanishing or non-vanishing of certain characteristic numbers)
to the existence of non-trivial circle actions on manifolds with specified properties.
Recently, some papers ([2], [5], [6], [9]) are concerned with the least number of fixed points
of circle action on manifolds, and their proofs share some similarity. The main purpose of this
note is to unify the results in the above-mentioned papers into the framework of equivariant
cohomology, which allows us to treat various results simultaneously.
Our paper is organized as follows. In Section 2, after introducing some necessary symbols
and notation related to equivariant cohomology, we will prove some properties based on the
Localization Theorem. As applications of these properties,we give some examples in Section
3, which are main results of ([2], [5], [6], [9]) and can be derived from our properties in Section
2. In addition to these examples, some related remarks are also given in this section.
Throughout the following two sections, all S1-manifolds mentioned are connected, smooth,
closed and oriented and all circle actions on such manifolds are smooth. When we say an
S1-almost-complex manifold (M2n, J), we mean that the manifold is closed and given the
canonical orientation and the circle action preserves the almost-complex structure J . We use
superscripts to denote the real dimensions of the manifolds.
2. Main observations
As usual, we use S1 to denote the circle group. All cohomology groups will have Q-
coefficients unless otherwise stated. Given an S1-space X, its S1-equivariant cohomology is
written as H∗
S1
(X) := H∗(ES1 ×S1 X), where ES
1 ×S1 X is the standard Borel construction.
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H∗
S1
(X) can be viewed as a module over the coefficient ring H∗
S1
({pt}) = H∗(BS1) = Q[z],
where z ∈ H2(BS1) is the Euler class of the universal complex line bundle over BS1. The
inclusion i : {1} → S1 induces a restriction map i∗ : H∗
S1
(X)→ H∗(X).
LetM2m be an S1-manifold andMS
1
be the fixed point set of this action. For an equivariant
cohomology class v ∈ H2k
S1
(M) and a fixed point x ∈ MS
1
, we write the restriction of v to
H2k
S1
({x}) = Qzk as vxz
k, vx ∈ Q. The tangent bundle TM of M can be lifted to an oriented
vector bundle ES1 ×S1 TM over ES
1 ×S1 M and we denote its Euler class as e ∈ H
2m
S1
(M).
If MS
1
is finite, we have the following Localization Formula ([1]), which is largely due to
Bott.
Theorem 2.1 (Localization Formula). Suppose that MS
1
is finite and w ∈ H2m
S1
(M). Then
we have
(2.1) i∗(w)[M ] =
∑
x∈MS
1
wx
ex
∈ Q.
Remark 2.2. If MS
1
is empty, i.e., M admits a fixed point free S1-action, this Localization
Formula tells us that i∗(w)[M ] = 0 for all w ∈ H2m
S1
(M).
Note that when x ∈ MS
1
is an isolated fixed point, ex is nonzero and thus the right-hand
side of (2.1) makes sense.
Proposition 2.3. Let u ∈ H2k
S1
(M) and v ∈ H2l
S1
(M) such that m = kr+ l. If i∗(urv)[M ] 6= 0,
then ♯MS
1
≥ r + 1. Here ♯MS
1
≥ r + 1 is the cardinality of MS
1
.
Proof. Applying (2.1) to the elements w = us · v · zk(r−s) (0 ≤ s ≤ r), we have
∑
x∈Ms
1
usx · vx
ex
=
{
0, if 0 ≤ s < r
i∗(urv)[M ], if s = r.
(2.2)
Since i∗(urv)[M ] 6= 0, we know that the following set
(2.3) {ux | x ∈M
S1 , vx 6= 0} ⊂ Q
is nonempty. So we can list the elements in (2.3) in increasing order as a1 < a2 < · · · < an
(n ≥ 1). Let λi (1 ≤ i ≤ n) be the sum of the terms
vx
ex
such that vx 6= 0 and ux = ai. So
from (2.2) we have
n∑
i=1
asi · λi =
{
0, if 0 ≤ s < r
i∗(urv)[M ], if s = r.
(2.4)
We assert that n ≥ r + 1. In fact, if n ≤ r, the n-order matrix (aji )1≤i,j≤n is nonsingular
and we deduce that all λi = 0 and so i
∗(urv)[M ] = 0, a contradiction. Therefore n ≥ r + 1.
But by definition ♯MS
1
≥ n, which gives the desired proof. 
Remark 2.4. The trick used in this Proposition can be traced back to Pelayo-Tolman ([9],
Lemma 8) and the present author and Liu ([5], Lemmas 3.1 and 3.2). Lu¨-Tan also used it in
their proof of Theorem 1.1 in [7].
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From the proof of Proposition 2.3 we have the following corollary.
Corollary 2.5. Let the notation be as above. We have
(1) if n ≤ r, then all λi = 0. In particular, i
∗(urv)[M ] = 0.
(2) if n ≤ r + 1 and i∗(urv)[M ] = 0, then all λi = 0.
For the critical case ♯MS
1
= r + 1, we have the following corollary.
Corollary 2.6. Suppose that ♯MS
1
= r + 1. Then
(1) if n < ♯MS
1
= r + 1, then all λi = 0. In particular, i
∗(urv)[M ] = 0.
(2) if n = ♯MS
1
= r + 1, then i∗(urv)[M ] 6= 0.
Proof. (1) is directly from Item (1) of Corollary 2.5. For (2), if i∗(urv)[M ] = 0, from Item
(2) of Corollary 2.5 we deduce that all λi = 0, which means for every i, the number of fixed
points x in MS
1
such that ux = ai and
vx
ex
= λi is at least two. Thus n ≤
1
2♯M
S1 , which
contradicts to the assumption. 
3. Applications
In this section, we first recall some basic knowledge on equivariant vector bundles and
particularly on S1-complex line bundles. Then using these, together with the properties
proved in Section 2, we give some examples, which are main results in some related previous
papers.
3.1. Preliminaries. Given any real (resp. complex) S1-vector bunde ξ (resp. η) over M ,
we have the corresponding equivariant Pontrjagin classes (resp. Chern classes) pS
1
j (ξ) =
pj(ES
1×S1 ξ) ∈ H
4j
S1
(M)
(
resp. cS
1
j (η) = cj(ES
1×S1 η) ∈ H
2j
S1
(M)
)
which lift pj(ξ) ∈ H
4j(M)(
resp. cj(η) ∈ H
2j(M)
)
in the sense that i∗(pS
1
j (ξ)) = pj(ξ)
(
resp. i∗(cS
1
j (η)) = cj(η)
)
. In
particular, the tangent bundle TM is a real S1-vector bundle over M such that i∗(pS
1
j (M)) =
pj(M). If (M
2m, J) is an almost-complex manifold, the holomorphic tangent bundle T′M ,
which is in the sense of J , is a complex S1-vector bundle such that i∗(cS
1
j (M)) = cj(M).
Suppose M is an S1-manifold and c ∈ H2(M ;Z). It is well known that there exists
a complex line bundle L over M , which is unique up to bundle isomorphism, such that
c1(L) = c. We call c admissible if the given S
1-action on M can be lifted to an action on the
corresponding complex line bundle L. It is well-known that ([4], [8]) c is admissible if and
only if c ∈ i∗(H2
S1
(M,Z)). The following very useful lemma is quite well-known (cf. [4], [8]).
But for the convenience of the readers, we provide a short proof.
Lemma 3.1. If the first Betti number b1(M) = 0, then any element in H
2(M ;Z) is admis-
sible.
Proof. First we note that if b1(M) = 0, then H
1(M,Z) = 0 by the Universal Coefficient
Theorem.
The map i∗ : H∗
S1
(M,Z)→ H∗(M,Z) fits into a long exact sequence
0→ H1S1(M,Z)
i∗
−→ H1(M,Z)→ H0S1(M,Z)
·z
−→ H2S1(M,Z)
i∗
−→ H2(M,Z)→ H1S1(M,Z)→ · · · ,
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from which we deduce that H1
S1
(M,Z) = 0 and thus i∗ : H2
S1
(M,Z)→ H2(M,Z) is surjective.

3.2. Examples. The following example is a generalization of a result of Fang-Rong ([2],
Theorem 1.1).
Example 3.2. Let M2m be a manifold with b1(M) = 0. If M admits a fixed point free
S1-action, then for all c ∈ H2(M ;Z) and 0 ≤ j ≤ [m2 ], we have
(cm−2j · Lj)[M ] = 0,
where Lj is any polynomial of degree j in the subalgebra of H
∗(M) generated by Pontrjagin
classes pi(M) (deg(pi) = i). In particular, (c
n)[M ] = 0.
Proof. By Lemma 3.1 there exists c¯ ∈ H2
S1
(M) such that i∗(c¯) = c. Then in Proposition 2.3,
we can take k = 1, r = m − 2j and v to be any polynomial of degree j in the equivariant
Pontrjagin classes pS
1
∗ (M). 
Remark 3.3. The orginal statement of ([2], Theorem 1.1) is only for those Lj in the Hirze-
bruch L-polynomial of M : L = L0 + L1 + · · · +  L[m
2
].
The following example is given by the author and Liu ([5], [6]).
Example 3.4. Suppose (M2m, J) (resp. N4m) is an S1-almost-complex manifold (resp.
smooth S1-manifold). Let (1λ12λ2 · · ·mλm) be a partition of m, which means λ1 + 2λ2 +
· · · + mλm = m and all λi are nonnegative integers. If the corresponding Chern number
cλ11 · · · c
λm
m [M ] 6= 0 (resp. Pontrjagin number p
λ1
1 · · · p
λm
m [N ] 6= 0), then the circle action on M
(resp. N) has at least max{λ1, . . . , λm}+ 1 fixed points.
Proof. Note that, under the above condition, ♯MS
1
(resp. ♯NS
1
) is nonempty. Thus we may
assume that ♯MS
1
(resp. ♯NS
1
) is finite. Hence we can take k = j (resp. k = 2j) (1 ≤ j ≤ m),
r = λj , u = c
S1
j (M) (resp. u = p
S1
j (N)) and v =
∏
i 6=j [c
S1
i (M)]
λi (resp. v =
∏
i 6=j [p
S1
i (N)]
λi)
in Proposition 2.3 and let j range over 1, . . . ,m. 
Remark 3.5. Define
λ1 := max{max{λ1, . . . , λm} | c
λ1
1 · · · c
λm
m [M ] 6= 0}+ 1
and
λ2 := max{max{λ1, . . . , λm} | p
λ1
1 · · · p
λm
m [N ] 6= 0}+ 1
respectively. Then Example 3.4 in fact shows that the circle action on M (resp. N) has at
least λ1 (resp. λ2) fixed points.
Before giving another two examples, we need to introduce some more notation.
Let M2m be an S1-manifold and c ∈ H2(M ;Z) be admissible such that c1(L) = c. We
fix a lifting of the action on L. Moreover, if the given S1-action has isolated fixed points,
say P1, · · · , Pµ, we consider the fiber Lpi
∼= C of L over the fixed point Pi. Each fiber Lpi is
an S1-module, and hence corresponds to an integer ai such that the action of each element
λ ∈ S1 on Lpi is given by multiplying λ
ai . The integers ai will be called the weights of L
(with respect to the given lifting) at the fixed point Pi. Note that if we choose another lifting
of this S1-action then the weights ai are changed simultaneously to ai + a for some integer a.
So we give the following definition.
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Definition 3.6. Suppose c is admissible with respect to an S1-action having isolated fixed
points. We call c everywhere injective if the weights a1, · · · , aµ are mutually distinct. Similarly,
we call such c somewhere injective if these a1, · · · , aµ have the property that, at least one of
these integers is different from the other µ− 1 integers.
Clearly the property of everywhere injective implies that of somewhere injective.
The following example is a generalization of some much earlier results of Hattori ([3], p.441-
p.443), which was drawn my attention by Kefeng Liu.
Example 3.7. Suppose M2m is a smooth, oriented S1-manifold and c ∈ H2(M ;Z) is admis-
sible.
(1) If (c)m[M ] 6= 0, then the given action has at least m+ 1 fixed points.
(2) If the given action has isolated fixed points and c is somewhere injective, then the
number of the fixed points is at least m+ 1.
(3) Suppose the given circle action has exactly m+1 fixed points. Then there are exactly
two possibilities:
(a) c is everywhere injective and (c)m[M ] 6= 0;
(b) c is not somewhere injective and (c)m[M ] = 0.
Proof. Suppose i∗(c¯) = c where c¯ ∈ H2
S1
(M). Then we can take in Proposition 2.3 k = 1,
r = m, u = c¯ and v = 1. In this case uPi = ai and vPi = 1.
Now (1) follows directly from Proposition 2.3. If c is somewhere injective, then some λi
must be nonzero. Hence (2) follows from Item (1) of Corollary 2.5. (3) follows from Corollary
2.6. 
Remark 3.8. The original purpose of [3] was to investigate the constraints on certain circle
actions which have similar features to those arising from the positivity of curvature, as men-
tioned by its author in the Introduction. But [3] contains many interesting results which are
of independent interest and deserves further attention.
A special case of Item (2) in Example 3.7 is due to Pelayo-Tolman ([9], Theorem 1).
Example 3.9. Suppose (M2m, J) is an S1-almost-complex manifold with isolated fixed points.
If c1(M) is somewhere injective, then the number of the fixed points is at least m+ 1.
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